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Definitions and notations

@ Afinite set A is called an alphabet and its elements are called letters.

@ A finite (resp. infinite) word over an alphabet A is the concatenation of finite (resp.
infinite) number of letters of A.

@ The length of finite word u is denoted by |u|. The only word with length null is the empty
word denoted by A.

The set of finite (resp. infinite) words denoted by A* (resp. AY).
The set of words of the same length n € N is denoted by A”.
For x € AN and for i,j € N, we denote by x; the i+ 1 element of x and X[ij[ = XiXit 1o X1

The shift-map denoted by ¢ and defined over the set of infinite words by :

o(x)i =xiy1, Vxeal
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Cellular automata and substitutions in Besicovitch space

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

d b
d(x,y) = limsup LY 040

[—oc0 l

, Vx,yGAN.

With dp represent the Hamming distance defined by :

dyg(u,v) = |{i € [0, |u|[|ui # vi}|, Yu,v € A" and |u| = |v|.
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Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]
The Besicovitch pseudo-metric, denoted here by dg, is defined as follows :

d b
d(x,y) = limsup LY 040

[—oc0 l

, Vx,y e A,
With dp represent the Hamming distance defined by :

dyg(u,v) = |{i € [0, |u|[|ui # vi}|, Yu,v € A" and |u| = |v|.

Example

s:l1]t]oltfofoft]ofo]i]t]t]o]t]o]1]o]o]0 -

vifola[i]t]tJoJoJou[iJou[a[i]t]u]1io]1 =
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Cellular automata and substitutions in Besicovitch space

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X071,
dg(x,y) = limsupw, Vx,y € AN.

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

ififiJolt]ofolt]ololt]t]1]o]t]o]1]o]o]o -
yifola el ifololol il o a]a]eu]u]1]o]t

du (XY, 5
10 10
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

ifi]iJolt]ofolt]ololt]tft]o]t]o]1]o]o]o -
vifoln Tl TuToloTo i TaToa [a[aJa[a]tJo]1

du (X[o,12[:Y[o,12]) _ 6

11 11
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

s:[iTiJoliTololiToToliTiTiJo 1o 1]ooJo -
| | | | | | | | | | | |
vifola il JolololuTuTolua[a[1[i]1]o]1 -~

dr (¥po, 31 Y[o,13) _ 6

12 12
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

s:[iTiToliToloiToToliTiTiTol1]o]1JooJo -
| | | | | | | | | | | | |
vifoTe T TuToToTol e fiTo ] u[a]t]1]o]t =

du (X[, 14 Y[o,4) 7
13 13
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

s:[iTiToliToloiToToliTiTiTol 1o 1]ooJo -
| | | | | | | | | | | | | |
vifola i JolololuTaTolu Tu i Ji[i]1]o]1 -

dr (¥[o,1s[> Yo, 7
14 14
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

x:|1|1|0|1|0|0|1‘0‘0‘1‘1‘1‘0‘1‘0'1‘0‘0‘0 ......
oo
vifola i JolololuTuTolu Tu i [i]i[1o]1

dr (¥[o, 16, Y[0,16]) 8
15 15
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Cellular automata and substitutions in Besicovit

Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

du (X107,
dg(x,y) = limsupw, Vx,y € AN

[—oo l

With dp represent the Hamming distance defined by :

dy(u,v) = |{i € [0, |u|[|w; # vi}]|, Yu,v €A™ and |u| = |v|.

x:|1|1|0|1|0|0|1‘0‘0‘1‘1‘1‘0‘1‘0‘1'0‘0‘0 ......
oo
vifoTeTiTafuToToTo e fiTo il a]i]o]t =

dr (Yo, 17 Y[o,17) 8
16 16
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Cellular automata and substitutions in Besicovitch space

Cellular automata and Substitutions in the edit-distan CE€
Conclusion and p
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Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dz, is defined as follows :

d )
(3, y) = limsup LA D010)

[—o0 l

, Vx,yeAN,

With dy represent the Hamming distance defined by :

dyg(u,v) = |{i € [0, |u|[|ui # vi}|, Yu,v € A" and |u| = |v|.

|1|1|0| |0|o|1\0\0\1\1\1\0\1\0\1\0|0\ ......
[ I | | | | | | | | | |
y:|0|1|1|1|1|0|0\0\1\1\0\1\1\1\1\1‘1|0‘1 ......

dH (X[o,18 Y[o,181) _ 9
17 17
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Definition : [Cattaneo, Formenti, Margara, and Mazoyer. 1997]

The Besicovitch pseudo-metric, denoted here by dg, is defined as follows :

d )
(3, y) = limsup LA 0010

, Vx,y e AN
[—oo l

With dy represent the Hamming distance defined by :

di(u,v) = |{i € [0, |u|[|ui # vi}|, Yu,v € A" and |u| = |v|.

i1 1]oft]oJo]t]ofo]t]t]t]o]t]o]1]o]o]o -
vifola[nJuuJoloJoa[nJoa[a[a]u]u]1o]1 =

1
dﬁ?(x7y) = E
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Cellular automata and substitutions in Besicovitch space

Let A be an alphabet, and, let X = AN. The relation :

x~gy<—=dg(x,y) =0,

is an equivalence relation. The quotient space X .., is a metric space called the Besicovitch
space denoted by X . We denote by % the equivalence class of x € AN in the quotient space.
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Cellular automata and substitutions in Besicovitch space

Definition

Let A be an alphabet, and, let X = AN. The relation :
x~gy<—=dg(x,y) =0,

is an equivalence relation. The quotient space X .., is a metric space called the Besicovitch
space denoted by X . We denote by % the equivalence class of x € AN in the quotient space.

Topological properties : [Blanchard, Formenti, Kurka 1997]

The Besicovitch space is pathwise-connected, infinite-dimension and complete topological
space, but, it is neither separable nor locally compact.
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Cellular automata and substitutions in Besicovitch space

A cellular automaton of radius r is a map F : AN 5 AN such that there exists a map
f A A forallxe AN, i e N :F(x); =f(X[ii+r[)- The mapf is called the local rule of F.
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Cellular automata and substitutions in Besicovitch space

A cellular automaton of radius r is a map F : AN 5 AN such that there exists a map
f A A forallxe AN, i e N :F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

G

Example
The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

G
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A cellular automaton of radius r is a map F : AN 5 AN such that there exists a map
f A A forallxe AN, i e N :F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

s 1f1]oft]ofo]t]ofoft]t]1]o]t]o]1]o]o]0 -
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A cellular automaton of radius r isamap F : AN — AN, such that there exists a map
f A A forallx € AN, i € N 1 F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

s:fi]i]oft]ofo]t]oloft]t]t]o]t][o]1]o]o]0 -

’,
0 ’

iz 1 I
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A cellular automaton of radius r isamap F : AN — AN, such that there exists a map
f A A forallx € AN, i € N 1 F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

x:]1!1|o|1|o|o|1\0\0\1\1\1\0\1\0\1\0\0\0 ~~~~~~

¢
¢

2421 I I O O
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A cellular automaton of radius r isamap F : AN — AN, such that there exists a map
f A A forallx € AN, i € N 1 F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

x:]1|1!o|1|o|o|1\0\0\1\1\1\0\1\0\1\0\0\0 ~~~~~~

¢
¢

Fe:fof o] [ [T L [TTLTTITTTTTT -
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A cellular automaton of radius r isamap F : AN — AN, such that there exists a map
f A A forallx € AN, i € N 1 F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

x:]1|1|o!1|o|o|1\0\0\1\1\1\0\1\0\1\0\0\0 ~~~~~~

¢
¢

723 I I I
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A cellular automaton of radius r isamap F : AN — AN, such that there exists a map
f A A forallx € AN, i € N 1 F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

x:]1|1|o|1!o|o|1\0\0\1\1\1\0\1\0\1\0\0\0 ~~~~~~

¢
¢

Fezfofufufufof [ [ [ [T T TTTT T[] -
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A cellular automaton of radius r is a map F : AN 5 AN such that there exists a map
f A A forallxe AN, i e N :F(x); =f(X[ii+r[)- The mapf is called the local rule of F.

The XOr CA, defined by : f(ab) =a+b mod 2, Va,b e {0,1}.

s 1f1]oft]ofo]t]ofoft]t]1]o]t]o]1]o]o]0 -

Fao:[o[i[t[iJola[aJo[iJolotua[1]t]1Jo]o] -
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Cellular automata and substitutions in Besicovitch space

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).
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Cellular automata and substitutions in Besicovitch space

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997]

Every CA induces a (well-defined) Lipshitz function over Besicovitch space. J
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Cellular automata and substitutions in Besicovitch spac

Definit

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example
Let F be a CA with radius r =2, x,y c AN anda # b € A :
x:lxo |X1 |X2|X3 IZ'XS |x6‘x7 ...... y:le ‘xl ‘le)@ IleS ‘xé ‘x7 ......

-
1 -

1 -
-
L~ L ”

F(x) : |F@ofFe) [Fe)2 |F()3|F(x)4|F)5 |F@)6 [F)7 =oeees F(y) : [F@0olF1 [FO)[F0)3|FG)4|F()5 [FO6 [FO)7 =oeee
y
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Cellular automata and substitutions in Besicovitch space
lit-distance space

Definition

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997]

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

J

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

B 1 ) e R
1 ,"
D

F(x) : [reofronfreo,

F(x)3

F(X)4|F(l)5

y:’x0|x1‘x2‘x3|b |x5‘x6‘x7
4

-

1 -
L’

F(y) : [rwo F(*)]lF(\')z‘F(,"h

F(y)4

F(x)s

F(v)e ‘F(J‘ﬁ
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Cellular automata and substitutions in Besicovitch space

Definition

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

X ’xo |X1 |XQ |X3 | a |XS |x6 ‘X7 ...... y:’)CO ‘xl |)C2 ‘X3 | b |xS ‘xé ‘x7 ......
4 4
1 o7 1 o7
k” Lk
F(x) 5 |F(X)0|F(X>1 F(*)leUh F(x)4|F(x)5 F(x)g|F(x)7 +eeeee F(y) : |F(x)U|F(x), F(v)le(y)3 F(y)4|F(x)5 F(\')G‘F(J‘h ......
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Cellular automata and substitutions in Besicovitch space

Definit

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

FEFRERLERE - R -
- -
1 - - 1 - -
k” k”
F(x) : [roofron[roafronfrosfees|rogfrr -ooooo F(y) : [reofronJronfrosrosfres F(v)G‘r(m ------
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Cellular automata and substitutions in Besicovitch space

Definit

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

cEREREER - R e R -
- -

-
1 -

1 -
Lk~ L~

F(x) : F@o|Feor |[FefF@3|Fe4|F()s F(x)7 weeeee F(y) : [F@o|FeifFon|Fms|Fe)a|F@)s
y

F(y)e ‘F(,\‘h """"
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Cellular automata and substitutions in Besicovitch space

Definit

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

cEREREERE] - R ]
e -

-
1 -

1 -
-
b L~

F(x)7 eeeeee F(y) : [F@olFon [For|F0)3[F0)s|F@s|Fo)6
y

F(y)7 ecoeee

=
G
=
&
>

F(x) : [roofron[roafrnlron
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Cellular automata and substitutions in Besicovitch space

Definition

A function F is a cellular automaton on the Besicovitch space if there exists a cellular automaton
G: AN — AN such that G € F (i.e. Vx € AN Wy € F(%), dg(G(x),y) = 0).

Theorems : [Blanchard, Formenti, and Kurka 1997] J

Every CA induces a (well-defined) Lipshitz function over Besicovitch space.

Example

Let F be a CA with radius r =2, x,y c AN anda # b € A :

4 7 1 5 2 2 S S Y N 1 ) (R

F(x) eoceee F L FCOF @ [FO2|FOI3[FOI4JF@)s|FG6|[FO)7 +eeeee
y

(r+1) xdg(x,y).

U
)
=
=
=
&
=
=
=
IA
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Cellular automata and substitutions in Besicovitch space

Let A be an alphabet.

Q A substitution T is a non-erasing morphism over A*, i.e. T replaces the letters of an
alphabet A with non-empty finite words.

@ The application associated to a substitution T denoted by T and defined on AN by :

T(2) = 1(20)7(21) ..., Vze AN,
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Preliminar
Cellular automata and substitutions in Besicovitch space

Let A be an alphabet.
Q A substitution T is a non-erasing morphism over A*, i.e. T replaces the letters of an
alphabet A with non-empty finite words.
@ The application associated to a substitution T denoted by T and defined on AN by :

T(2) = 1(20)7(21) ..., Vze AN,

Examples
© The Fibonnacci substitution defined on A = {0,1} by :

. 0 —01
1 —0
© The Thue Morse substitution defined on A = {0, 1} by :

T: 0 —01
1 — 10
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Cellular automata and substitutions in Besicovitch space

A substitution T is called uniform if for all a,b € A,
substitution is |t(a)| witha € A.

t(a)| = |t(b)|. The length of a uniform
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Cellular automata and substitutions in Besicovitch space

A substitution T is called uniform if for all a,b € A,
substitution is |t(a)| witha € A.

t(a)| = |t(b)|. The length of a uniform

For every uniform substitution T, T is Lipschitz, in particular it is well-defined over X 3. J
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Cellular automata and substitutions in Besicovitch space
Cellular automata and Substitutions in the edit-distance space

Definition

A substitution T is called uniform if for all a,b € A, |t(a)| = |t(b)|. The length of a uniform
substitution is |t(a)| witha € A.

Proposition

For every uniform substitution <, T is Lipschitz, in particular it is well-defined over X 5.

Example

Let T be a uniform substitution with length L=2anda #bc A :
o[l [ ] anmnn
U \\ U \\

R [ B I R T M
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Preliminar
Cellular automata and substitutions in Besicovitch spac
Cellular automata ¢

Definition

A substitution T is called uniform if for all a,b € A, |t(a)| = |t(b)|. The length of a uniform
substitution is |t(a)| witha € A.

Proposition

For every uniform substitution <, T is Lipschitz, in particular it is well-defined over X 5.

Example

Let T be a uniform substitution with length L=2anda #bc A :

. ST . PN
N ~ N ~
~d >
w:[wolmfwalws] | [ [ | w):[rolwifwalws] [ [ [ |
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Cellular automata and substitutions in Besicovitch space
Cellular automata and Substitutions in the edit-distance space

Definition

A substitution T is called uniform if for all a,b € A, |t(a)| = |t(b)|. The length of a uniform
substitution is |t(a)| witha € A.

Proposition

For every uniform substitution <, T is Lipschitz, in particular it is well-defined over X 5.

Example

Let T be a uniform substitution with length L=2anda #b €A :

Se S ~o Se S~ o
r(u):|W0|W1|W2|W3|W4|W5| ‘ ‘ r(v):lwo‘wllwz‘wslm ‘Zzl ‘ ‘
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Preliminar
Cellular automata and substitutions in Besicovitch space
Cellular automata and Substitutions in the edit-distance space

Definition

A substitution T is called uniform if for all a,b € A, |t(a)| = |t(b)|. The length of a uniform
substitution is |t(a)| witha € A.

Proposition

For every uniform substitution <, T is Lipschitz, in particular it is well-defined over X 5.

Example

Let T be a uniform substitution with length L=2anda #b €A :

w:|uofm]a]us vilm]m b i)

~ ~

~~o S.o
~o ~ S~

~

=~ -~ ~ 3 S=3

2\
r(u):|W0|W1|W2|W3|W4|W5|W6‘W7| r(v):lwo‘wllwz‘wslm ‘Zz |W6‘W7|
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Preliminar
Cellular automata and substitutions in Besicovitch space
Cellular automata and Substitution:

Definition

A substitution T is called uniform if for all a,b € A, |t(a)| = |t(b)|. The length of a uniform
substitution is |t(a)| witha € A.

Proposition

For every uniform substitution <, T is Lipschitz, in particular it is well-defined over X 5.

Example

Let T be a uniform substitution with length L=2anda #b €A :
mman mmnn

r(u):|W0|W1|W2|W3|W4|W5|W6‘W7| r(v):lwo‘wllwz‘wslm ‘Zz |W6‘W7|

dy(t(u),T(v)) < L xdy(u,v).
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heorem

For every non-uniform substitution T, T is well-defined on the Besicovitch space iff it is constant.
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Cellular automata and substitutions in Besicovitch space

For every non-uniform substitution T, T is well-defined on the Besicovitch space iff it is constant.

@ Let 7 be the substitution defined on A = {0,1} by :

T: 0 —01
1 — 0101

Tis constant (i.e Vx € AN, T(x) = (01)), so it is well defined over the Besicovitch space.
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Cellular automata and substitutions in Besicovitch space

For every non-uniform substitution T, T is well-defined on the Besicovitch space iff it is constant.

@ Let 7 be the substitution defined on A = {0,1} by :

T: 0 —01
1 — 0101

Tis constant (i.e Vx € AN, T(x) = (01)), so it is well defined over the Besicovitch space.
@ Let 7 be the Fibonacci substitution defined on A = {0,1} by :

T: 0 —01
1 —0

Letx =0~ and y = 10* so dg(x,y) = 0. Then X = .
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[T [ [

and substitutions in the edit-



Cellular automata and substitutions in Besicovitch space

: .nnnnnn U
~ <
~
S S

~ 4 IR
o [ e

f(X):’0|1|0
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x:[ofoJofo]ofo]o]o vi[iJoJoJoJo o oo -

ol ifoliJoli]o]1 = w):[oo]1 o1 o]1] -
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© Cellular automata and Substitutions in the edit-distance space
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Cellular automata and Substitutions in the edit-distance space

The edit operations are defined over A* as follows, foru € A*,a € A andi € [0, |u|] :

@ The deletion of a letter : Dj(u) = uguy ... Uj—1 Uit S Uy —1-
o The letter-switch : S¢(u) = uouy ... Ui—1 @ Ui - Ujy_1-
o The insertion of a letter : I (u) = uq ... Ui—1 @ U; Uiy .. Uy -
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Cellular automata and Substitutions in the edit-distance space

The edit operations are defined over A* as follows, foru € A*,a € A andi € [0, |u|] :
@ The deletion of a letter : Dj(u) = uguy ... Uj—1 Uit S Uy —1-
o The letter-switch : S¢(u) = uouy ... Ui—1 @ Ui - Ujy_1-
o The insertion of a letter : I (u) = uq ... Ui—1 @ U; Uiy .. Uy -

Definition :

The edit distance between two finite words u and v, denoted by d (u,v), is defined as the
minimal n € N such that 7j o...o T, (u) = v for some edit operations (T%)|<k<n-
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finitions

The centred pseudo-metric associated to the edit distance is :

d (X0,
Cdﬁ(x,y):limsupw7 vx,y € AN,

I—o0 l
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d (x>0

Cq4, (x,y) = limsup , Vx,y e AN

[—o0 l

sl 1fo]tfoli]o]t]olt]o]t]o]1]of[t]o]1]o]1 -

vifoliJoltJo[1Jo]1Jo1Jo]1]o1Jo]t]o[1]o

G
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The centred pseudo-metric associated to the edit distance is :

d 2 (xgo:Yp0,4)

€4, (x,y) = limsup , Vx,y e AN

[—oo l

c:[1ToliToliToltTol i o] JoliJo1Jo1]o]1 =
OSSOSO OO
S nnDnNnOnOnoNDNN0NES

de(fp Yo _ 2 - du (o, [>Yo,1np) _ 10
10 ~ 10 10 ~ 10
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d 2 (xgo:Yp0,4)

€4, (x,y) = limsup , Vx,y e AN

[—oo l

cififolrfolifoltloliTolxfoli]o[t]o]1]o]1
OSSOSO OO
s i [T [T [T i [Tt [a i [a 1 [aT1 e -~

de (2 Yfo,i2) _ 2 - du (*[o,12[>Y[o,i2p) _ 11
11 T 11 T
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d 2 (xgo:Yp0,4)

€4, (x,y) = limsup , Vx,y e AN

[—oo l

c:[1ToTiToltToltToltTol o] iJo1Jo1]o]1 =
OSSOSO OSSOSO
Lo oo [T e[ To [T [ To] T -

d 2 d ;
£ (X[0,13>¥[0,13]) _2 H(X[0,13:Y[0,13) _12

12 12 12 12
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d 2 (xgo:Yp0,4)

€4, (x,y) = limsup , Vx,y e AN

[—oo l

s:[iToliToltToliToliTol oo 1o 1ot
SN OO O O OO OO0
v:[oTiToi ot o o]t JoltJo]t o]1]o]1]0 -

de (14l Yo,4) _ 2 - du (*[o,14[>Yo,14]) _ 13
13 13 13 13
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d 2 (xgo:Yp0,4)

€4, (x,y) = limsup , Vx,y e AN

[—oo l

X 1|0|1|0|1|0|1\0\1\0\1\0\1\;1]1‘0‘1‘0‘1 ......
SN OO OO OO OO0
Lol To L To i ToT o[ [+ To[i o] o

d 2 d ;
£(X[0,151>¥[0.15]) _2 H(X[0,15:Y[0,15) _ 14

14 14 14 14
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d b
<y, (x,y) = limsup M

[—oo l

x: 1|0|1|0|1|0|1|O|1|0|1|0|1|0|>1(]0|1|0|1 ......
OSOSOSOSOSOSOSIOSIOSOSOSONONO
y2|0|1|0|1|0|1|0|1|0|1|0|1|0|1|0|1|0|1|0 ......

, Vx,y e AN,

d 2 d ;
£(X[o16]Y[o,16)) _ 2 - H(*[o,16[:Y[0,16[) _ 15

15 15 15 ~ 15
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Cellular automata and Substitutions in the edit-distance space

The centred pseudo-metric associated to the edit distance is :

d 2 (xgo0:Yp0.4)

€4, (x,y) = limsup , Vx,y e AN,

[—oo l

§Aivesff e

Ca, (x,y) =0 and dg(x,y) =1
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Cellular au ata and substitutions in Besico!
Cellular automata and Substitutions in the edit-dis

Definitions

The centred pseudo-metric associated to the edit distance is :

dr (Xm0,
QZdL(x,y)zlimsupM7 vx,y € AN.

[—oo l

Example

§Aivesff e

Ca, (x,y) =0 and dg(x,y) =1

Definition

We quotient the space of infinite words by the equivalence of zero distance to find a metric space
called centred space associated to edit distance denoted by X ; where X = AN,
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Cellular automata and Substitutions in the edit-distance space

The topology induced by the pseudo-distance associated to the edit distance is finer then
Besicovitch topology.
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Cellular automata and Substitutions in the edit-distance space

The topology induced by the pseudo-distance associated to the edit distance is finer then
Besicovitch topology.

Proposition
G induced exactly the identity map over the centred space associated to the edit distance. In
particular the pseudo-metric associated to the edit distance is G-invariant.

'
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Cellular automata and Substitutions in the edit-distance space

Proposition
The topology induced by the pseudo-distance associated to the edit distance is finer then
Besicovitch topology.

Proposition

G induced exactly the identity map over the centred space associated to the edit distance. In
particular the pseudo-metric associated to the edit distance is G-invariant.

.

Remark

Since every class is invariant by shift, dynamical systems over this space can be considered as
acting on shift orbits.
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Every CA is Lipschitz with respect to &, . In particular it is well defined on the quotient space.
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Cellular automata and Substitutions in the edit-distance space

Every CA is Lipschitz with respect to &, . In particular it is well defined on the quotient space.

Let F be CA with radius r and local rule f. We denote by f* the function defined over A* by :

*(u):{ g f (upi e - - Sugu—rjup) o lul > 7.
A

f
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Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f"(v)) < r+14+do (" (u).f* (v)).
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :

u:|M0|M1|u2|M3“5|M6‘M7‘ Sg(u):luo‘ul‘leuslzlus‘us‘w‘
- -
. > »

- 1 -
id L”

£ () [wo £($9w) : [wo]
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :
53

MZ’“O'”]|u2|u3|”4|“5|“6‘u7‘ Sg(u):’u()lul‘uz‘%lo |M5‘M6‘M7‘
- -

| T

ﬂ‘ !
i i

F@:fpofe] [ [ [ [ ] ] sstw:fro]w]

-
-
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :
53

u:’bto|u1|M2|M3|M4|M5|M6‘u7‘ Sg(u):’u()‘ulluz‘%lo |M5‘M6‘M7‘
- -

| T

ﬂ‘ !
i L

[ L[] s [wof]x]

-
-

f*(u):lwolwl W2|
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :
53

u:’bto|u1|M2|M3|M4|M5|M6‘u7‘ Sg(u):’u()‘ul‘uzl%lo |M5|M6‘M7‘
- -

| T

ﬂ‘ !
i L

f*(u):lwolwllwz W3| | ‘ ‘ FH(S9(u) |W0|W1|xo X1|

-
-
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :

)
o 2 1 3 ) e s R A A [ S
1 ,*' 1 ’,'
R i o 2 2 RS En E E
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :

0
Sy
u:lwofu[mwusus[us[wr]  s§(w): [uo]ur[ua[us] o [us[us]wr]
- -
1 P 1 .
z e
f*(u):|W0|W1|W2|W3|W4 W5| ‘ FH(S9(u) |W0|W1 |XO|X1 |x2 Wsl ‘
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Cellul a and substitutions in B
Cellular a and Substitutions in the edit-

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example

Letter-Switch :

o [nlalaelalmm] - [ e o[wuwuw]

R o 3 AL 0 ) N Y

83 083 o SR (f* () =£* (S5 (w))
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Deletion :
Dy
i h 4
u: [uo [ur [ua Jus [ua [us [wo [ur | Dafu): o [mr [ua Jus [us [us [ur | |
1 P 1 PR
e

f(u) :wo F*(Daw) : [wo]
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Deletion :
Dy
u:’”olm|M2|M3|M4|M5|u6‘u7‘ D4(u):’Mo|u1 ‘uz‘us MS‘M6"47‘ ‘
1 ," 1 ,"
Lk L

S () wowi

| [ [ [ ] £ @a):wo]wi]
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Deletion :
Dy
u:’M0|M1|M2|M3|M4|M5|u6‘u7‘ D4(u):’Mo‘u1|uz‘M3 M5|M6‘M7‘ ‘
1 ," 1 ,"
L o

rw @bl T T T 1] o]
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Deletion :
Dy
u:’M0|M1|M2|“3|u4|u5|u6‘147‘ D4(u):’Mo‘u1‘u2|M3 ’45"46|’47‘ ‘
1 ,*' 1 ’,—
T8 % e M A
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Deletion :
Dy
u:’M0|M1|M2|“3|u4|u5|u6|147‘ D4(u):’Mo‘u1‘uz‘M3 Ms‘us‘wl ‘
1 ,*' 1 ’,*'
f*(u):|W0|W1|W2|W3 W4r ‘ ‘ S (Da(u |W0|W1|yo|y1 Wsr ‘ ‘
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Deletion :
Dy
u:’M0|M1|M2|“3|“4|u5|u6‘147| D4(u):’Mo‘u1‘uz‘wvus‘uﬁ‘m‘ ‘
; =
T8 ) 2 ) B 2 A
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Deletion :
Dy
Dy : [t s [ s Tor ]|
2 2 2 2 2 3

Sy 083 0 Dy(f*(u)) =f*(Da(u)
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Insertion :
0
Iy
o8 I 2 2 ) S A A O R e e 2 (A G A A R
1 ," 1 ,"
mo

I () :wo FHIw)) : [wo]
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Cellular a and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Insertion :
0
I
u:’M0|M1|M2|M3 M4|M5|u6‘u7‘ IQ(u):’Molul ‘Mz‘usl 0 |M4‘M5‘M6|M7‘
1 ," 1 ,”
Lk L

S () wowi

[ L[ [ ] radw:[wo]«]

[ [ [ []
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Insertion :
0
I
u:’M0|M1|M2|M3 M4|M5|u6‘u7‘ IQ(u):’Mo‘mluz‘Msl 0 |M4‘M5‘M6|M7‘
1 ," 1 ,”
Lk’ k”

£ ) : [wowi|w2 | | | ‘ ‘ £A(w))  [wofwi| 20|

[ 1 1]
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Insertion :
1
o 0 3 2 0 S R 3 3 3 o 2 C
1 o L ,"’
PRCH ) o 3 2 i R R A B i En
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Insertion :
1
u:’M0|M1|M2|M3 M4|M5|u6|u7‘ IQ(M):’MO‘ML‘MZ‘MlO|'44"45|M6|M7‘
1 = 1 ’,*'
£ () : [wowi|wa[ws W4r ‘ ‘ £A@(w)) : [wo[wi] 20| 21 er ‘ ‘
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Insertion :
0
I
u:’M0|M1|M2|M3 M4|M5|u6‘147| IQ(u):’Mo‘m‘uz‘Msl 0 |u4"45‘”6|ll7‘
1 ," 1 -
k” Lk’
PO o 2 2 0 e A O 0 B BN A
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Cellular automata and Substitutions in the edit-distance space

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Insertion :
1
u:’M0|M1|M2|M3 M4|M5|u6‘u7‘ IQ(M)I’MO‘ML"42‘”3@'44|M5‘M6|M7|
=
et
B ) 3 ) A ) 5 XY
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Cellul
Cellular auton

Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f*(v)) < r+14+do (" (w).f* (v)).

Example
Insertion :
0
Iy
s [uo [ur [ua [us [ua [us [uo [ur | s(u): [0 [sr [wa s | © [uaa [ [ [
o rolwifwafwalwalws] | | () : [ro]mi]z0]zi [z [wa]ws] ]

85 0 85!
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oI (f*(u)) =£* (I3 (u))
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Lemma

Let F be a CA with radius r and local rule f. Then for allu € A7*'A*,v € A”A*, and for some edit
operation T, we have :

do(f*(T()).f"(v)) < r+14+do (" (u).f* (v)).

Lemma

Let F be a CA with radius r and local rule f. Then for all u,v € A"A* such thatd(u,v) < |u|—r,
we have :

do(f*(u).f*(v)) < (r+1)d.(u,v).
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For every substitution T, the map 7T is well-defined over X ;. Furthermore it is Lipschitz.
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Theorem

For every substitution T, the map 7 is well-defined over X ;. Furthermore it is Lipschitz.

Example

Letter-Switch :

Shiw)
Shtu):[ro] [ o s
~ ~
1 ~o ! S

x.

T(u) : (ug) ‘C(Sg(u)) : (uo) |
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Theorem

For every substitution T, the map 7 is well-defined over X ;. Furthermore it is Lipschitz.

Example

Letter-Switch :
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Theorem

For every substitution T, the map 7 is well-defined over X ;. Furthermore it is Lipschitz.

Example
Letter-Switch :
S5(w)
u: S’z’(u):
1) ) )] e CAOE ED) |:<;1.;|r;b;‘|

Firas BEN RAMDHANE Cellular automata and substitutions in the edit



Cellular automata and Substitutions in the edit-distance space

Theorem

For every substitution T, the map 7 is well-defined over X ;. Furthermore it is Lipschitz.

Example

Letter-Switch :
S5 (u)

[ : [l [oa]

-~
== “J >
?

) | w(Shw) [ ) | )]
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Theorem

For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Example

Letter-Switch :
S5 (1)

sy [ o Ji]

LORIEDH

o(S5w) | e Jptn)] v frs)

b)m b b
Dyipo--0Dnsms1 oSy 0--0 S\ oSH (x(u)) = T(Sh(w)).

With n = |t(ug)| + |t(u1)|, p = |t(u2)| — 1 and m = [x(b)| — 1.
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ey ET——

For every substitution T, the map T is well-defined over X . Furthermore it is Lipschitz.

Canple

Deletion :
Ds(u)
o[ Tl Do) [l ]
1 b ~ 5 1 e ~ ~
ORI WD2(w) [
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For every substitution T, the map T is well-defined over X . Furthermore it is Lipschitz.

Deletion :
Ds(u)
N
Do) [mo[ufus] ]
~ ~ ~ ~
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For every substitution T, the map T is well-defined over X . Furthermore it is Lipschitz.

Deletion :
Ds(u)
h -
Dau):[ra]r [uo] ]
~\ ~\

1) ) )] e WDy (w) ;[ wtw) frn et
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For every substitution T, the map T is well-defined over X . Furthermore it is Lipschitz.

Deletion :
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Theorem
For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz. J

Example

Deletion :
D (u)

Dyw): [ [wa] ]

t):| ) )] e e w(Da(w) [ s )

Dy oDy41 0+ 0Dyyp1 0 Dyip(t(u)) = T(Da(u).

With n = |t(up)| + |T(u1)| and p = |t(uz)| — 1.
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For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Insertion :
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For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Insertion :
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For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Insertion :
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For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Insertion :
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For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz.

Insertion :

1) ) fe)] ) e w@B@) | ) fefe] ) |=<:>|
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Theorem

For every substitution T, the map T is well-defined over X ;. Furthermore it is Lipschitz. J

Example

Insertion :
13 (1)

00 [ o[

tu):| ) o)

) e @) [ o el ) s

I oo [ o P (v(u)) = T(3 (u).

With n = |t(ug)|+ |t(u1)| and m = |t(b)| — 1.
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Conclusion and prospects

Conclusion

@ A metric which induces a non trivial topology.
@ The shift map equal to the identity over this space.

@ This topology turns out to be a suitable playground for the study of the dynamical behavior
of CA and substitutions.

@ This construction was made only by changing the Hamming distance with the edit distance.

| Definitions .|

For a distance d over A* x A*, we define the centred pseudo-metric denoted by &, as follows :

d(xgop o)

, Vx,y € AN,
max, ,ca1d(u,v) 4

o €(xy) =limsup, .
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Conclusion and prospects

Conclusion

@ A metric which induces a non trivial topology.
@ The shift map equal to the identity over this space.

@ This topology turns out to be a suitable playground for the study of the dynamical behavior
of CA and substitutions.

@ This construction was made only by changing the Hamming distance with the edit distance.

For a distance d over A* x A*, we define the centred pseudo-metric denoted by €, and the
sliding pseudo-metric denoted by S, as follows :

d(xXo 41> ¥[04])

, Vx,y e AN,
maxuﬁveA;d(u,v) .

o Cy(x,y) =limsup,_,.,

AX [ 1 Y ek

, Vx,y e AN,
maxu.veA’d(uvv) Y

o Sy(x.y) = limsup; .. maxgen
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Questions

A relevant questions is now the following :

@ Which properties of distance d make CA or substitutions well-defined in the corresponding
pseudo-metrics ?

@ How other classic objects of symbolic dynamics behave ? (Minimal sub-shifts, Toeplitz,
Sturmian, billiards ...)

@ Can we give another version of the Curtis-Hedlund-Lyndon theorem with respect to centred
and sliding pseudo-metrics ?
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